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h i g h l i g h t s
• Coriolis effect is considered for the first time in the analysis of a rotating piezoelectric hollow cylinder.
• A different strategy is employed to derive the equation governing the radial displacement, which is then solved approximately but analytically when
the shell is thin enough.
• Numerical examples show that the Coriolis effect can be significant under certain conditions in active control of the shell.
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a b s t r a c t
Coriolis effect is considered in the analysis of a rotating piezoelectric hollow cylinder. An inhomogeneous
Bessel equation governing the radial mechanical displacement is derived, which can be approximated
as an Euler type differential equation when the cylinder is very thin. Numerical examples show that the
Coriolis effect can be significant under certain conditions.
© 2016 The Author(s). Published by Elsevier Ltd on behalf of The Chinese Society of Theoretical and
Applied Mechanics. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
Rotating structures have long been of significant research in-
terest because of their practical importance in various engineering
applications [1–4]. With the emergence of smart structures [5,6],
efforts have also been made on the study of rotating piezoelectric
plates and shells [7,8]. In a relatively recent paper, Galic and Hor-
gan [9] (denoted as GH hereafter for brevity) derived a closed form
exact solution for a rotating solid/hollow cylinder and some inter-
esting issues were addressed and highlighted.
In this letter, we further take account of the Coriolis effect in
the investigation on the response of a rotating piezoelectric hollow
cylinder. A relatively simple derivation of the equation governing
the radial displacement is presented, which leads to a Bessel
equation with inhomogeneous term. For the sake of simplicity,
only very thin cylindrical shells are considered in this letter. Thus,
the Bessel equation can be treated approximately as an Euler
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type differential equation, of which the solution is well known.
Numerical calculation is finally performed and some interesting
observations are discussed.
The basic equations of an infinite radially polarized piezo-
electric cylinder for the axisymmetric problem can be easily
found. When the cylinder is rotating about its axis at constant
angular velocity ω, the equation of motion with Coriolis effect
is [10,11]
dσrr
dr
+ 1
r
(σrr − σθθ )+ ρdω2r + ρdurω2 = 0 (1)
where σrr and σθθ are respectively the radial and circumferential
normal stress components, ur is the radial displacement, ρd is the
material density, and r is the radial coordinate in the cylindrical
coordinate system (r, θ, z)with its origin located on the axis.
In this letter, we present a quite different derivation. First, we
can obtain the electric displacement Dr directly from the electric
equilibrium equation dDrdr + Drr = 0 as follows
Dr = Ar−1, (2)
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where A is an arbitrary constant. Second, from the constitutive
relations
σrr = c33 durdr + c13
ur
r
+ e33 dϕdr ,
σθθ = c13 durdr + c11
ur
r
+ e31 dϕdr ,
Dr = e33 durdr + e31
ur
r
− ε33 dϕdr ,
(3)
where ϕ is the electric potential, cij, eij and εij are respectively the
elastic, piezoelectric, and dielectric constants, it is obtained that
dϕ
dr
= e33
ε33
dur
dr
+ e31
ε33
ur
r
− 1
ε33
Ar−1,
σrr = k1 durdr + k2
ur
r
− e33
ε33
Ar−1,
σθθ = k2 durdr + k3
ur
r
− e31
ε33
Ar−1,
(4)
where
k1 = c33 + e233/ε33, k2 = c13 + e31e33/ε33, k3 = c11 + e231/ε33. (5)
Substituting Eq. (4) into Eq. (1), yields
ρ2
d2ur
dρ2
+ ρ dur
dρ
+ (ρ2Ω2 − κ2)ur +Ω2aρ3 − B = 0, (6)
where ρ = r/a and Ω = ρdω2a2/c33 are the dimensionless
radial coordinate and angular velocity, respectively, with a being
the inner radius of the hollow cylinder, and
κ2 = k3/k1, B = (e33 − e31)A/(k1ε33). (7)
Eq. (6) is an inhomogeneous Bessel equation whose solution
consists of two parts. The general solution part is a linear
combination of the well known Bessel functions of the first
and second kinds, while the particular part is represented by
the so-called Lommel functions [12,13]. The solution is a little
complicated, and from Eq. (4), the expression for the electric
potentialϕwill further contain integrals involving Bessel functions
and Lommel functions. In this letter, however, we will just pay our
attention to the effect of Coriolis acceleration on very thin hollow
cylinders, for which Eq. (6) can be approximated as
ρ2
d2ur
dρ2
+ ρ dur
dρ
+ (ρ20Ω2 − κ2)ur +Ω2aρ3 − B = 0 (8)
where ρ0 = R/a, and R = (a + b)/2 is the mean-radius of
the cylinder, with b being the outer radius of the hollow cylinder.
Note that such an approximation technique has been widely used
and validated in many branches of applied mechanics [10,14–16].
Obviously, when the thickness of the hollow cylinder decreases,
the solution based on Eq. (8) will becomemore andmore accurate.
Eq. (8) is an Euler equation, whose solution is very straightforward
and omitted here for brevity. Actually, the solution contains three
arbitrary constants: Two are the integral constants directly related
to the general solution of Eq. (8), while the another one is A,
appearing in the particular solution through the constant B. The
three unknown constants can be determined from the boundary
conditions at the inner and outer surfaces of the cylinder (one
mechanical at each surface and one electric). It is noted that,
when the electric potential is specified at the surfaces, one can
only determine the electric difference between the two surfaces,
since the constant electric potential plays a role like the rigid body
displacement. On the other hand, when electric displacement is
specified, only the condition at one surface should be considered,
Fig. 1. Responses of the rotating cylinder in Case A (Ω = 1).
and the one at another surface becomes a natural result because of
the requirement of self-equilibrium of electric displacement.
It is obvious that when the Coriolis effect is neglected, Eq. (8)
is exact without any approximation. This equation is simpler than
that of the fourth-order one as mentioned in GH. Although our
solution contains only three arbitrary constants, and that of GH
contains four arbitrary constants, the two solutions are exactly
the same because the additional constant in GH is related to the
constant electric potential only, which contributes nothing to the
electroelastic field in the cylinder.
For numerical illustration, we assume that there are no external
mechanical forces acting on the inner and outer surfaces of the
cylinder. In addition, we consider two types of electric boundary
conditions: Case A is just Case 1 in GH (i.e. closed-circuit on both
the inner and outer surfaces), while in Case B, the electric condition
in Case A is replaced with zero electric displacement at either
surface. From the previous studies [14,16], we can conclude that
when the thickness-to-mean radius ratio of the cylinder h/R =
1/200, the error due to the approximation introduced in this note
can be neglected, provided that the dimensionless angular velocity
Ω is not very large. In fact, we have also performed the calculation
according to the exact solution of Eq. (5), and found the two are
almost identical.
Results are presented in Figs. 1–3 for a Lead Zirconate Titanate
(PZT-4) hollow cylinder with h/R = 1/200, where two values of
Ω are considered, i.e. Ω = 1 and Ω = 3. A new dimensionless
radial coordinate ζ = (r − a)/(b − a) is used such that the
inner and outer surfaces correspond to ζ = 0 and ζ = 1,
respectively. Thematerial constants of PZT-4 can be found in Dunn
and Taya [17] as c33 = 1.15 × 1011 Pa, c11 = 1.39 × 1011 Pa,
c13 = 7.43 × 1010 Pa, e31 = −5.2 C/m2, e33 = 15.1 C/m2, and
ε33 = 5.62×10−9 F/m. For both cases, we assume that the electric
potential at the inner surface is zero. The distribution of σrr is not
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Fig. 2. Responses of the rotating cylinder in Case A (Ω = 3).
Fig. 3. Electric potential distributions in the rotating cylinder in Case B.
given in Figs. 1 and 2 because the Coriolis effect on it is completely
negligible. Although the Coriolis effect on σθθ is also little, it
does lead to a more uniform distribution along the thickness
direction, as shown in Figs. 1(a) and 2(a), which is favorable for the
practical structure. The significance of Coriolis acceleration effect is
clearly shown in Figs. 1(b) and 2(b) when considering the electric
potential. In Fig. 3, we give the distributions of electric potential
for two values of Ω . The phenomena shown in Fig. 3(a) and (b)
are both of practical importance because the electric potential
difference is generally used as a primary parameter in the feedback
control of smart structures. Figure 3(a) indicates that the practical
control may be overfull when the Coriolis effect is not considered
in the theoretical prediction. Furthermore, Fig. 3(b) implies the
possibility of a completely opposite action that may be induced in
practice.
In this letter, we considered the response of a rotating
piezoelectric hollow cylinder by taking the Coriolis effect into
consideration. A different strategy was adopted to derive the
governing equation, which seems to be simpler than that reported
in the literature when the Coriolis effect is absent. For cylinders
with very small thickness, the equation was simplified and an
analytical solution was derived. It was shown numerically that the
Coriolis effect may become very important in the active control
of rotating structures due to the coupling between the elastic and
electric fields.
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